Abstract. We show that the automorphism group of a graph product of finite groups Aut(G Γ ) has Kazhdan's property (T) if and only if Γ is a complete graph.
We prove the following characterization: Theorem 1. Let G Γ be a graph product of finite groups. Then Aut(G Γ ) has property (T ) if and only if Γ is a complete graph.
For the proof we need to recall some important properties of graph products. The following definition is crucial in our argument.
Definition. For any V ′ ⊆ V we denote by G V ′ the subgroup generated by all vertex groups
Note that any special subgroup G V ′ is isomorphic to the graph product defined by the subgraph of Γ spanned by V ′ .
Remark. The graph product G Γ has finitely many conjugacy classes of finite subgroups. This follows from the fact that each finite subgroup of G Γ lies in a parabolic subgroup
The proof of Theorem 1 also involves Serre's fixed point property FA which is closely connected to property (T).
Definition. A group G is said to have property FA if for any action of G on a simplicial tree T , without inversions of edges, there exists a global fixed point, i.e. there exists a vertex
It was proven independently by Alperin in [1] and by Watatani in [14] that if a countable group G has property (T), then G has Serre's property FA.
Proof of Theorem 1. If Γ is a complete graph, then the group G Γ is a direct product of finite groups G v , v ∈ V . In particular, G Γ is finite. Thus Aut(G Γ ) is also finite and therefore has property (T) by Bruhat-Tits fixed point theorem [3, II 2.8] .
For the other implication of Theorem 1, assume that Γ is not complete. Since G Γ is finitely generated, the group Aut(G Γ ) is countable. As property (T) descends to finite index subgroups ([2, 2.5.7]) it follows by Alperin and Watatani's result, that if a countable group G has property (T), then any finite index subgroup of G has property FA. Therefore it is sufficient to construct a finite index subgroup of Aut(G Γ ) that does not have property FA.
By the above remark, the group G Γ contains finitely many conjugacy classes of finite subgroups. Let n be the cardinality of the set of conjugacy classes of finite subgroups of G Γ . Then the group Aut(G Γ ) acts on this set in the canonical way. Thus, we obtain a homomorphism Φ ∶ Aut(G Γ ) → Sym(n). By construction the kernel ker(Φ) has finite index in Aut(G Γ ). We claim that ker(Φ) does not have Serre's property FA.
Since Γ is not complete, there exist two vertices v, w ∈ V of Γ which are not connected by an edge. Let π ∶ G Γ ↠ G {v,w} ≅ G v * G w be the projection defined as follows: π(g) = g for g ∈ G v , π(g) = g for g ∈ G w and π(g) = 1 for g ∈ G x for x ∈ V − {v, w}. The kernel of π is the normal closure of the subgroup G V −{v,w} and is characteristic under ker(Φ). Hence we get the following canonical homomorphism
The subgroup Inn(G v * G w ) is contained in Ψ(ker(Φ)). Further, it was proven in [5] and in [10, Theorem 1] that the action of G v * G w ≅ Inn(G v * G w ) on the associated Bass-Serre tree [12, §4, Thm. 7] extends to the whole automorphism group Aut(G v * G w ), in particular to the subgroup Ψ(ker(Φ)). Hence ker(Φ) does not have property FA.
